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ABSTRACT
By using the scaling symmetry in the reduced action formalism, we derive the novel Smarr
relation which holds even for the hairy rotating AdS3 black holes. And then, by using the
Smarr relation we argue that the hairy rotating AdS3 black holes are stable thermodynamically,
compared to the non-hairy ones.
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1 Introduction
Anti-de Sitter(AdS) space and its related spaces become very interesting research subjects pos-
sessing the diverse applications after the birth of the gauge/gravity correspondence [1]. Since
some physical features of the strong coupling regime in the dual field theory may be understood,
at least qualitatively, through the classical computation in gravity on the AdS space, various
classical results in gravity took on quite a new aspect as the counterpart to the quantum field
theory. In this regard, black holes have much implication and their physics has been resurfaced
as the theoretical tool for strong coupling dynamics in field theory. One of interesting aspects
of AdS black holes is that they allow the scalar hairy deformation, which corresponds to the
deformation of the dual conformal field theory by the operator dual to the scalar field.
Though some analytic solutions for scalar hairy AdS3 black holes have been obtained [2, 3],
they are rather complicated and so it is not easy to assure their stability when they are non-
supersymmetric. The stability issue after the scalar hairy deformation would be related to
the end point of the renormalization group flow in the dual field theory deformed by the dual
operator. From the field theory perspective, the behavior under the renormalization group flow
would be determined by the nature of the perturbing operator dual to the scalar and has nothing
to do with the existence of the analytic solution of AdS black holes. This line of thought seems to
indicate that the stability of scalar hairy deformed black holes might be understood, regardless
of the existence of the analytic solutions, only by using some properties of scalar hairy black
holes.
There are at least two kinds of stability concepts in black hole physics. One of them is the
dynamical stability understood usually by the linear perturbation analysis around the black
hole background, which seems to require some detailed information on black hole solutions. The
other one is the thermodynamic stability whose criterion is just their entropy values. Since
the black hole entropy is universal and determined by the area law [4, 5], the thermodynamic
stability has the chance to be determined through the less information on black hole solutions.
In this paper, we would like to suggest the Smarr relation [6] as the information on black holes,
which allows us to determine the relative stability between hairy and non-hairy black holes.
To derive the novel Smarr relation without requiring the analytic solutions, we use the scaling
symmetry of the reduced action, which has been shown to lead to the Smarr relation for static
black holes with the exact Killing vectors for mass and angular momentum [7, 8]. In this paper,
we extend this symmetry to the hairy rotating AdS black holes which allow a single Killing
vector only. Though our analysis is performed in the case of the three-dimensional Einstein
gravity, it can be applied straightforwardly to higher dimensional planar black holes and to
higher derivative gravity. We give some comments on the mass expression on the scalar hairy
AdS black holes.
1
2 Rotating hairy black holes
In this section, we give the model of three-dimensional rotating AdS black holes with a scalar
hair. The action of three-dimensional Einstein gravity coupled minimally to a scalar field with
an arbitrary scalar potential is taken as
I[g, ϕ] =
1
16piG
∫
d3x
√−g
(
LEH + Lϕ
)
, (1)
where
LEH = R− 2Λ , Lϕ = −1
2
∂µϕ∂
µϕ− V (ϕ) .
In the following, we take Λ = −1 for our convenience and denote the relevant fields collectively
as Ψ.
We consider the scalar hairy rotating black holes which have only one Killing vector. Hence-
forth we adopt the metric and scalar fields ansatz as
ds2 = −f(r, y)e2A(r,y)dt2 + dr
2
f(r, y)
+ r2(dθ − Ω(r, y)dt)2 , y ≡ ΩHt− θ , (2)
ϕ = ϕ(r, y) , (3)
where ΩH denotes the value of the metric function Ω at the outer horizon r = r+. Generically,
scalar hairy rotating AdS3 black holes admit only one Killing vector contrary to the Banados-
Teitelboim-Zanelli(BTZ) case [9]. Concretely, the above ansatz of metric and scalar fields admits
a single Killing vector, which is given by
ξK =
∂
∂t
+ΩH
∂
∂θ
. (4)
This becomes null at the horizon and thus is the appropriate one for the entropy computation as
a conserved charge. Still, there are asymptotic Killing vectors ξT ≡ ∂∂t and ξR ≡ ∂∂θ , which can
be used in order to define the total mass and angular momentum, respectively, at the asymptotic
infinity.
Let us compute the quasi-local Abbott-Deser-Tekin(ADT) charge [10, 11, 12, 13] for the
above ξK at the outer Killing horizon and check that it leads to the entropy as SBH [14, 15, 16].
It is very convenient to introduce the function Z defined by
Z(r, y) ≡ reAf ′ + 2r(eA)′f , ′ ≡ ∂
∂r
. (5)
Since the Noether potential for the Killing vector ξK at the horizon is given by
Krt(ξK) = Z − r3e−A(Ω− ΩH)Ω′
∣∣∣
r=r+
= Z(r+) , (6)
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one can see that [14, 15, 13, 17, 18]
κH
2pi
SBH = 1
16piG
∫
H
dxµν ∆K
µν =
1
8G
Z(r+) =
1
8G
r+ e
A(r+)f ′(r+) , (7)
where κH is the surface gravity at the horizon. By recalling that the Hawking temperature and
angular velocity at the horizon for the following ADM-decomposed metric
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt) , (8)
are given by
TH =
κH
2pi
=
1
2pi
∂rN√
grr
∣∣∣∣
r=r+
, ΩH = −N θ(r+) , (9)
one can obtain the temperature of these black holes as
TH =
1
4pir+
Z(r+) =
1
4pi
eA(r+)f ′(r+) . (10)
In summary, we obtain the entropy of the hairy AdS3 black holes in our setup as
SBH = 2pir+
4G
, (11)
which corresponds to the standard form of the area law of black hole entropy.
Generically, the location of the outer and inner horizons are determined by the condition
f = 0. Near the outer horizon, the metric functions f , eA and Ω and the scalar field ϕ may be
expanded as
f(r, y) = f ′(r+)(r − r+) + · · · , eA(r,y) = eA(r+)
[
1 +A′(r+, y)(r − r+) + · · ·
]
,
(12)
Ω(r, y) = ΩH +Ω
′(r+, y)(r − r+) + · · · , ϕ(r, y) = ϕH(y) + ϕ′(r+, y)(r − r+) + · · · .
Note that the metric functions f , eA and Ω depend, in general, on the coordinates r and y, but
f ′(r+), e
A(r+) and ΩH are just constants, since the system under the consideration is assumed
to have the bifurcating Killing horizon. In other words, the metric function f is independent of
the coordinate y up to the first order in the (r − r+) expansion.
At the asymptotic infinity, the asymptotic forms of metric functions can be expanded as
f(r, y) = r2
[
1 +O
(1
r
)]
, eA(r,y) = 1 +O
(1
r
)
, Ω(r, y) =
1
r2
[
Ω∞(y) +O
(1
r
)]
. (13)
By solving the scalar field equation, one can see that the scalar field takes the asymptotic
behaviors as
ϕ(r, y) =
ϕ−(y)
r∆−
+ · · ·+ ϕ+(y)
r∆+
+ · · · . (14)
3
Suppose that the fall off behavior of the scalar field is taken appropriately at the asymptotic
infinity. Then it would be sufficient to keep the scalar potential up to the quadratic term as
V (ϕ) = 12m
2ϕ2 + · · · . This assumption gives us the scaling dimension as
∆± = 1±
√
1 +m2 . (15)
Note that the Breitenlohner-Freedman bound [19] is given by m2 = −1 in our convention.
Though ϕ− corresponds, usually, to the non-normalizable mode, it becomes normalizable for
the range −1 < m2 < 0 and, so both modes ϕ± may be turned on for the stable black hole
solution [20, 21]. In this case, the constants ∆± correspond to the dimensions of the dual
operators. In the following, we restrict ourselves on this range of the mass of the scalar field. Our
metric falloff boundary conditions in Eq. (13) correspond to the parameter range −1 < m2 ≤ −34
and so we would like to focus on these cases in the following. It would be possible to extend
the range of the mass parameter m2 by adjusting falloff boundary conditions appropriately.
Furthermore, we focus on the case such as the difference between ∆− and ∆+ is not integer
and so that logarithmic modes do not appear in the solution. When the two modes are turned
on generically, it has been known that the infinitesimal mass formula for the solution is not
integrable. This means that the mass expression of hairy black hole solution may not be defined
unambiguously. However, if there exists a relation between two modes ϕ±, the finite mass
expression can be obtained. Later on, we will obtain the mass of hairy black holes consistent
with the scaling symmetry. In brief, it turns out that our mass expression corresponds to the
one obtained by taking ϕ+ = νϕ
∆+/∆−
− with the dimensionless parameter ν.
3 Scaling symmetry of the reduced action
In this section, we show the existence of the scaling symmetry in the reduced action for our
ansatz and derive its conserved charge. The reduced action of Einstein gravity and the scalar
field parts in our ansatz becomes, respectively,
Ired =
1
16piG
∫
drdy (LEH + Lϕ) , (16)
LEH = 2re
A − eAf ′ − e
Af˙2
2rf2
−
˙(eA)f˙
rf
+
r3Ω′2
2eA
+
rf˙Ω˙
eAf2
(Ω− ΩH) , (17)
Lϕ = −1
2
reA
(
2V (ϕ) + fϕ′2 +
ϕ˙2
r2
)
+
rϕ˙2
2eAf
(Ω − ΩH)2 , (18)
where ˙ denotes the derivative with respect to the coordinate y, ˙≡ ∂∂y , and ΩH appears as the
consequence of the derivative with respect to the coordinate y. Note that the total derivative
terms in the above reduced action are omitted, which are irrelevant in our computations. Under
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a generic locally-supported variation, this reduced action transforms as
δIred =
1
16piG
∫
drdy
[
EΨδΨ + ∂aΘa(Ψ ; δΨ)
]
, a = r, y, (19)
where Ψ denotes, collectively, various fields f,A,Ω and ϕ, and Θa are the total surface terms
under the variation. It is straightforward to obtain the equations of motion, EΨ = 0, by varying
with respect to f, A, Ω and ϕ, which are given, respectively, by
0 = (eA)′ − r
2
eAϕ′2 − rϕ˙
2
2eAf2
(Ω − ΩH)2 + 1
rf
(
˙eA +
eAf˙
f
)˙− r
f2
(
e−AΩ˙(Ω− ΩH)
)˙
, (20)
0 = 2V (ϕ) + fϕ′2 +
ϕ˙2
r2
+
ϕ˙2
e2Af
(Ω− ΩH)2 − 4 + 2f
′
r
+
3f˙2 − 2f f¨
r2f2
+
r2Ω′2
e2A
(21)
+
2f˙ Ω˙
e2Af2
(Ω− ΩH) ,
0 = (r3e−AΩ′)′ +
[( rf˙
eAf2
)˙
+
rϕ˙2
eAf
]
(Ω− ΩH) , (22)
0 = (reAfϕ′)′ − reA∂V
∂ϕ
+
(eAϕ˙
r
− rϕ˙
eAf
(Ω− ΩH)2
)˙
. (23)
One can also see that the relevant surface term Θa(δf, δA , δΩ, δφ) is given by
Θr = −eAδf + r3e−AΩ′δΩ − reAfϕ′δϕ , (24)
Θy =
( r
f2
e−A(Ω− ΩH)Ω˙− (e
Af)
rf2
˙)
δf − e
Af˙
rf
δA+
re−Af˙
f2
(Ω− ΩH)δΩ
+
(re−A(Ω− ΩH)2
f
− e
A
r
)
ϕ˙δϕ .
Now, let us consider the scaling symmetry of the above reduced action. This can be achieved
by the appropriate weight assignment to various fields and their variations. The assignment of
weights for various fields in the above reduced action is
δσf = σ(2f − rf ′) , δσeA = σ
(
− 2eA − r(eA)′
)
, (25)
δσΩ = σ(−2Ω − rΩ′) , δσΩH = −2σΩH , δσϕ = −σrϕ′ ,
and the derivative with respect to y increases the weight by one, as
δσ f˙ = σ(3f˙ − rf˙ ′) , δσ ˙eA = σ
(
− ˙eA − r( ˙eA)′
)
, (26)
δσΩ˙ = σ(−Ω˙− rΩ˙′) , δσϕ˙ = σ(ϕ˙ − rϕ˙′) .
Under this scaling transformation, the reduced Lagrangian transforms as
δσLϕ = σ(−Lϕ − rL′ϕ) , δσLEH = σ(−LEH − rL′EH) , (27)
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hence the reduced action is invariant up to total derivatives,
δσIred =
1
16piG
∫
drdy ∂aS
a , Sr = −r(Lϕ + LEH), Sy = 0 . (28)
One may introduce the ‘would-be’ Noether current for the scaling symmetry
Ca ≡ Θa − Sa . (29)
Since we have assigned the coordinate y to have the weight −1 and the parameter ΩH to trans-
form under the scaling symmetry, the conventional Noether procedure has some subtleties, which
need to be spelled out explicitly. Because of the unusual aspect of the scaling transformation δσ
that it does not commute with the derivative with respect to y, it violates the locally-supported
variation property in Eq. (19). The other unusual aspect such that the parameter ΩH transforms
under the scaling symmetry also violates such a property. Therefore, the scaling transformation
of the reduced action becomes
δσIred =
1
16piG
∫
drdy
(
EΨδσΨ+ ∂aΘa(Ψ ; δσΨ) + δIred
δΨ˙
[
δσ,
∂
∂y
]
Ψ+
δIred
δΩH
δσΩH
)
. (30)
It is straightforward to see that [δσ ,
∂
∂y ]Ψ = Ψ˙ from the scaling transformation and
δIred
δΨ˙
Ψ˙ = 2
[
− e
Af˙2
2rf2
−
˙(eA)f˙
rf
+
rf˙Ω˙
eAf2
(Ω− ΩH)− e
Aϕ˙2
2r
+
rϕ˙2
2eAf
(Ω− ΩH)2
]
, (31)
δIred
δΩH
= − r
eAf2
[
fϕ˙2(Ω− ΩH) + f˙ Ω˙
]
. (32)
Identifying the above variation with the scaling variation given in Eq. (28) and using the defi-
nition of the current Ca, one obtains
∂aC
a =
[
− δIred
δΨ˙
Ψ˙ + 2ΩH
δIred
δΩH
]
on−shell
, (33)
where we have used the on-shell condition EΨ = 0.
Let us define the charge function for the scaling symmetry as
C(r) =
1
16piG
∫ 2pi
0
dy Cr , (34)
which is not warranted to be conserved. Note that the r component of the current is given by
Cr = −eA(2f − rf ′) + r2eAfϕ′2 − r3e−A(Ω2)′
+
r2e−Aϕ˙2
f
(Ω− ΩH)2 + 2r
2e−Af˙Ω˙
f2
(Ω− ΩH)−
(eAf˙
f
)˙
, (35)
where we have used Eq. (21) to remove the scalar potential V (ϕ) in the expression. Though the
current Ca is not conserved even at the on-shell, one can apply the divergence theorem to the
above expression ∂aC
a and obtains the following result:
C(r →∞)− C(r+) =
∫
drdy
[
− δIred
δΨ˙
Ψ˙ + 2ΩH
δIred
δΩH
]
. (36)
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4 The Smarr relation
In this section, we compute the quasi-local ADT charges at the horizon and at the asymptotic
infinity for asymptotic Killing vectors and find the relation among these charges through the
relation given in Eq. (36) for the charge function C(r). This relation gives us the novel Smarr
relation, which reduces to the conventional one whenever the scalar hair is turned off. Our
results extend those for the spherically symmetric case given in [7, 8].
At the horizon located at r = r+, the value of the charge function C(r) is given by
C(r+) =
1
16piG
∫
dy
[
r+e
A(r+)f ′(r+)− 2r3+e−A(r+)ΩHΩ′(r+, y)
]
. (37)
In order to consider the Smarr relation in this case, one need to use the near horizon angular
momentum in matching with the value of the charge function at the horizon, C(r+) from the
scaling symmetry of the reduced action. Explicitly, the near horizon geometry in our ansatz
becomes
ds2NH = −e2A(r+)
[
1 +A′(r+, y)(r − r+)
]
f ′(r+)(r − r+)dt2 + dr
2
f ′(r+)(r − r+)
+
(
r2+ + 2r+(r − r+)
)[
dθ −
(
ΩH +Ω
′(r+, y)(r − r+)
)
dt
]2
, (38)
on which, ξR ≡ ∂∂θ becomes an asymptotic Killing vector in the sense that
£ξRg = 2∇(µξRν) = O
(
(r − r+)
)
. (39)
One can apply the formalism for asymptotic Killing vectors presented in Ref. [22, 18] to obtain
the conserved charge JH for ξR on the horizon. The upshot of the asymptotic Killing vector
case is the existence of the additional term A in the quasi-local ADT potential as
2
√−gQµνADT = δKµν − 2ξ[µΘν] +
√−gAµν(£ξΨ, δΨ) , (40)
where the additional term A is composed of two parts Ag +Aϕ, one of them, Ag is given by
Aµνg (£ξg, δg) = −
(
gµ(αgβ)(ρgσ)ν − gν(αgβ)(ρgσ)µ
)(
£ξgαβδgρσ − δgαβ£ξgρσ
)
,
as given in Ref. [22] and the other one Aϕ is given in the appendix B. However, the additional
term does not contribute to the charge on the horizon since £ξg vanishes asymptotically as
was given in Eq. (39). The horizon angular momentum, which is the conserved charge for the
asymptotic Killing vector ξR, can be computed as
JH = − 1
8piG
∫
ds
∫
H
dxµν
√−gQµνADT (ξR ; δsΨ)
= − 1
16piG
∫
H
dxµν∆K
µν
= − 1
16piG
∫
dy r3+e
−A(r+)Ω′(r+, y) , (41)
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where we have introduced the overall minus sign for the angular momentum. This convention
is consistent with the one in Ref. [15]. Now, it is straightforward to check that
THSBH + 2ΩHJH = C(r+) , (42)
where JH is the angular momentum at the horizon.
Similarly, the total angular momentum may be computed at the asymptotic infinity through
the asymptotic Killing vector ξR ≡ ∂∂θ and is given by
J∞ = − 1
8piG
∫
ds
∫
r→∞
dxµν
√−gQµνADT (ξR ; δΨ)
= − 1
16piG
∫
r→∞
dxµν
[
∆Kµν +
∫
ds
√−gAµν
]
= − 1
16piG
∫
dy r3e−AΩ′|r→∞ , (43)
which does not need to be identical with the angular momentum at the horizon, JH .
Some comments are in order. The total angular momentum and the horizon angular mo-
mentum are identical, J∞ = JH when the scalar hair is turned off. For example, the angular
momentum of BTZ black holes is given by JBTZ = r+r−/4G in our convention. Since the metric
functions Ω and A in the hairless BTZ black hole case are given by
Ω =
r+r−
r2
, A = 0 ,
the value of the combination r3e−AΩ′ in our computation becomes the same at the horizon and
at the asymptotic infinity. In fact, one can show that the angular momentum J may be defined
at the arbitrary position of r, since ξR is the exact Killing vector on the BTZ black hole geometry
and the value of r3e−AΩ′ is invariant along the radial direction. This is the special case of the
general results on the angular momentum in the pure Einstein gravity [23, 13]. However, it does
not need to be the case with a scalar hair. By using the equations of motion given in Eq. (22)
with the integration by parts, one can see that
∆J ≡ JH − J∞ = 1
16piG
∫
dy
[
r3e−AΩ′
]r=∞
r=r+
= − 1
16piG
∫
drdy
δIred
δΩH
. (44)
Let us consider the value of the charge function C at the asymptotic infinity. By using the
asymptotic behaviors of the metric functions and the scalar field given in Eq. (13), one can see
that the value of the charge C at the asymptotic infinity depends only on the first two terms in
Eq. (35) as
C(r →∞) = 1
16piG
∫
dy
[
− eA(2f − rf ′) + r2eAfϕ′2
]
. (45)
In order to relate this charge with the total conserved quantity, let us consider the total mass
of scalar hairy AdS3 black holes. The infinitesimal form of the mass of the hairy rotating black
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holes may be computed for the asymptotic Killing vector ξT ≡ ∂∂t , just like the asymptotic
angular momentum case, as
δM∞ =
1
8piG
∫
r→∞
dxµν
√−gQµνADT (ξT ; δΨ)
=
1
16piG
∫
r→∞
dxµν
[
δKµν(ξT )− 2ξ[µT Θν] +
√−gAµν
]
=
1
16piG
∫
dy
[
− eAδf − reAfϕ′δϕ− r3Ωδ(e−AΩ′)
]
r→∞
, (46)
where the term
√−gA(£ξTΨ, δΨ) turns out to vanish as r → ∞. In the one-parameter path
integration to obtain the finite mass expression of scalar hairy AdS3 black holes, the explicit
form of solutions with a certain parameter, at least asymptotically, is required. As was done
in Ref. [8], it is very useful to obtain the finite mass expression in another way, which is quite
appropriate to compare it with the expression of the charge C. To this purpose, we introduce the
‘on-shell’ scaling transformation under which the mass of hairy black holes transforms definitely
with a certain weight.
To simplify the presentation in the following, we assume that the ‘on-shell’ scaling transfor-
mation can be implemented on the solution. For instance, this assumption is satisfied trivially,
when one of ϕ± modes is turned off. When neither of them vanish, the assumption is valid but
the meaning of the ‘on-shell’ scaling transformation is related to the integrability issue on the
scalar contribution, which is relegated to the next section. In the present case, the ‘on-shell’
scaling transformation can be implemented as
δˆσf = σ(2f − rf ′) , δˆσeA = −σr(eA)′ ,
δˆσΩ = −σrΩ′ , δˆσϕ = −σrϕ′ . (47)
This ‘on-shell’ scaling transformation corresponds to the specific choice of the one parameter
path in the solution space, which becomes ‘integrable’ in the sense of the parameter variation
and so leads to the finite mass expression. Since this specific choice of parameter path might not
be realized in the most generic falloff boundary conditions allowed in the range −1 < m2 ≤ −34 ,
we restrict ourselves to the class of solutions in which such a path is allowed. Nevertheless, this
encompasses most of the interesting cases explored in the literatures on three-dimensional hairy
black holes [8].
Since the black holes under consideration are asymptotically AdS, the ‘on-shell’ scaling leads
to δˆσM∞ = 2σM∞ [8]. By using the following ‘on-shell’ scaling transformation of the function,
e−AΩ′,
δˆσ(e
−AΩ′) = σ
[
− e−AΩ′ − r(e−AΩ′)′
]
,
and the asymptotic behaviors of the metric functions eA and Ω given in Eq. (13), one can see
9
that
δˆσ(e
−AΩ′)
∣∣∣
r→∞
= O
( 1
r3
)
. (48)
Then, the mass of hairy black holes can be obtained from this ‘on-shell’ scaling transformation
as
2σM∞ = δˆσM∞ =
σ
16piG
∫
dy
[
− eA(2f − rf ′) + r2eAfϕ′2
]
r→∞
. (49)
where δˆσM is computed from Eq. (46). As a result, it is straightforward to check that
2M∞ = C(r→∞) . (50)
Note that we have assumed that no additional dimensionful parameter appears in the solution.
Whenever another dimenionful parameter exists, we need to compensate its variation under the
‘on-shell’ scaling, as was done in Ref. [8]. More details are given in the next section.
Combining the above result with the relation among the conserved charge at the horizon
given in Eq. (42) and the relation given in Eq. (36), one can obtain the following novel Smarr
relation for scalar hairy AdS3 black holes
C(r →∞)−C(r+) = 2M∞ − THSBH − 2ΩHJH
= − 1
16piG
∫
drdy
[δIred
δΨ˙
Ψ˙− 2ΩH δIred
δΩH
]
on−shell
. (51)
Note that the angular momentum in the conventional Smarr relation is taken as the one, J∞
defined at the asymptotic infinity. By noting the relation given in Eq. (44), one can see that our
Smarr relation can also be written as
2M∞ − THSBH − 2ΩHJ∞ = − 1
16piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
on−shell
. (52)
We would like to mention that the charge function C(r) depends on the choice of coordinates
and so the identification of its value with conserved charges may depend on the choice of coordi-
nates. As is shown explicitly in our example of scalar hairy AdS3 black holes with the choice of
coordinates such as Ω(r+) = ΩH , the angular momentum, JH defined on the near-hoizon space
appears naturally when C(r+) is identified with conserved charges of black holes. In contrast,
the charge function for the coordinates such as Ω(r+) = 0 can be shown to lead to the total an-
gular momentum defined at the asymptotic infinity when C(r →∞) is identified with conserved
charges of black holes. However, the final Smarr relation takes the same form if the conserved
charges of black holes are consistently taken in these coordinates. Our claim is that the relation
for the charge function C in Eq. (36) leads to the Smarr relation which should be coordinate
independent.
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5 The scalar hair preserving the AdS structure
In the previous section, we have adopted the finite mass expression of scalar hairy black holes
at the asymptotic infinity, defined by the ‘on-shell’ scaling path, to match it with the value of
the charge function at the asymptotic infinity, C(r → ∞). We would like to check that the
finite mass expression for hairy black holes is consistent with the conventional one obtained by
the integration along the one parameter path in the solution space, which is not warranted to
give the finite mass expression when the infinitesimal one is not integrable [20, 21, 24, 25, 26].
Because of the non-integrability due to generic scalar boundary values, we need to impose a
relation ϕ+ = H(ϕ−) to obtain a finite mass expression [20, 21, 27].
By solving the equations of motion asymptotically for the scalar field boundary condition
given in Eq. (14), one obtains the metric functions in the form of
f(r, y) = r2
[
1− 1
r2
(
b0 + c1(y)
)
+
∆−ϕ
2
−(y)
2 r2∆−
+
∆+ϕ
2
+(y)
2 r2∆+
+ · · ·
]
, (53)
eA = 1 +
m2ϕ−(y)ϕ+(y)
2r2
− ∆−ϕ
2
−(y)
4 r2∆−
− ∆+ϕ
2
+(y)
4 r2∆+
+ · · · , (54)
Ω =
1
r2
(
ω0 + c2(y)
)
+O
( 1
r4
)
, (55)
where c1(y) and c2(y) correspond to the back reaction of the metric functions to the scalar
contribution and b0 and ω0 do to the integration constants for the source-free equations of
motion, up to the order expanded. Note that we have denoted ω0 + c2(y) = Ω∞(y) in Eq. (13).
In the following, we do not need explicit expressions of the functions c1, 2(y) to verify our claims.
By regarding ϕ±(y) and c1, 2(y) as free parameters in the quasi-local ADT expression for the
mass given in Eq. (46), one can compute the quasi-local ADT mass at the asymptotic infinity
for the asymptotic time-like Killing vector ξT =
∂
∂t as
δM∞ =
1
16piG
∫
dy
[
δ
(
b0 + c1(y) +
1
2
(∆+ +∆−)ϕ−(y)ϕ+(y)
)
+
1
2
(∆+ −∆−)
(
ϕ+(y)δϕ−(y)− ϕ−(y)δϕ+(y)
)]
. (56)
The second term clearly shows the non-integrability of δM∞ if ϕ± are independent each other.
For any arbitrary given relation in the form of ϕ+ = H(ϕ−), we obtain
δM∞ =
1
16piG
∫
dy δ
(
b0 + c1(y) + ∆−ϕ−(y)ϕ+(y) + (∆+ −∆−)
∫ ϕ−(y)
0
H(ϕ˜)dϕ˜
)
, (57)
which is a straightforward generalization of the result in Ref. [27] for the static case with an
exact Killing vector.
Now let us consider the boundary condition, H(ϕ−) = νϕ
∆+/∆−
− , which preserves the asymp-
totic AdS structure. Note that the parameter ν is dimensionless. It turns out that the finite mass
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expression from the ‘on-shell’ scaling transformation leads to the same one from this boundary
condition. By using this relation, we obtain the finite mass expression as
M∞ =
1
16piG
∫
dy
[
b0 + c1(y)−m2ϕ−(y)ϕ+(y)
]
. (58)
Let us confirm that the ‘on-shell’ scaling transformation applied to the quasi-local ADT
expression leads to the same result as the one from the above boundary condition. Whenever
the scalar boundary condition is given only by one of ϕ±, not both of them, it is straightforward
to check that the ‘on-shell’ scaling gives the same result. When neither of ϕ± vanish, the
complication arises because of the additional parameter ν. As was explained in [8], the existence
of a dimensionful parameter requires us the compensating transformation to restore its invariance
along the one parameter path in the solution space. However, the additional parameter, ν, in
this case is dimensionless, and so we do not need to consider the compensating transformation.
Indeed, by inserting the above perturbative expansions of the metric functions and the scalar
field to the Eq. (49), one obtains
δˆσM∞ = 2σM∞ =
σ
8piG
∫
dy
[
b0 + c1(y)−m2ϕ−(y)ϕ+(y)
]
, (59)
which gives the same result as the one with the above direct parameter variation method.
Therefore the Smarr relation and the first law follow in the forms as
M∞ =
1
2
THSH +ΩHJ∞ − 1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
, (60)
dM∞ = THdSH +ΩHdJ∞ .
6 Thermodynamic stability
In this section we provide a simple criterion for the thermodynamic instability of scalar hairy
AdS3 black holes which belong to the same branch with the BTZ black holes, which may not be
applied to some of scalar hairy black holes shown to belong to a different branch from the BTZ
black holes [28]. The explicit example in this branch is studied recently in Ref. [29] by using a
numerical technique, which we would like to understand from our novel Smarr relation.
To compare the thermodynamic stability between two black hole solutions in the conventional
(grand) canonical ensemble, one need to place those solutions at the same temperature and at
the same chemical potentials. In our case, scalar hairy black holes have four free parameters,
which cannot be specified uniquely by fixing the temperature and the angular velocity of black
holes. Since it is daunting task to scan and compare all the possible configurations of hairy black
holes with BTZ black holes just by fixing two parameters through the choice of the temperature
and the angular velocity, we would like to choose a specific configuration of hairy black holes by
fixing additional free parameters coming from the scalar field. To make the choice, we would
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like to take conserved charges of black holes as a fixing tool for the additional free parameters.
Succinctly speaking, the temperature and the angular velocity of hairy AdS3 black holes and
non-hairy BTZ ones are taken as the same value, and in addition the values of mass and angular
momentum of hairy black holes are also taken as the same values of BTZ ones as
Mhairy∞ =M
BTZ
∞ , T
hairy
H = T
BTZ
H , J
hairy
∞ = J
BTZ
∞ , Ω
hairy
H = Ω
BTZ
H . (61)
In canonical ensemble, one can compare the free energy of each solution to see which one is more
stable in this setup. Because of our fixing conditions, the comparison in free energy is identical
with the one in the entropy and so we focus on the entropy in the following.
Without resorting to the explicit solution, one can see the behavior of the entropy of each
black hole by using the derived Smarr relation as follows. First, note that the derived Smarr
relation may be rewritten in terms of the angular momentum defined at the asymptotic infinity
as
M∞ =
1
2
THSBH +ΩHJ∞ − 1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
. (62)
For hairy AdS3 black hole solutions and non-hairy BTZ solutions, the Smarr relation takes the
following form, respectively, as
Mhairy∞ =
1
2
T hairyH ShairyBH +ΩhairyH Jhairy∞ −
1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
, (63)
MBTZ∞ =
1
2
TBTZH SBTZBH +ΩBTZH JBTZ∞ , (64)
where the fact that δIred
δΨ˙
= 0 for BTZ black holes is used. Under the condition given in Eq. (61),
one can see that
ShairyBH − SBTZBH =
1
TH
1
16piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
. (65)
As a result, the relative thermodynamic stability between hairy AdS3 black holes and non-
hairy BTZ ones is determined by the sign of the integral of δIred
δΨ˙
Ψ˙, which can be determined
by inserting the explicit solution to the expression of δIred
δΨ˙
Ψ˙ given in Eq. (31). It seems very
plausible that the integral is negative for the scalar potential consistent with the positive energy
theorem since the no-hair theorem is argued to hold in such a case [30].
7 Another boundary condition of the scalar hair
In this section, we consider the case when a dimensionful parameter appears in the boundary
condition of the scalar hair. The relation between ϕ− and ϕ+ is taken as ϕ+ = H(ϕ−) = κϕ−,
in which the parameter κ becomes dimensionful. This boundary condition corresponds to the
double trace operator deformation in the dual conformal field theory. In this case, the generic
result in Eq. (56) leads to the following infinitesimal mass expression
δM∞ =
1
16piG
∫
dy δ
(
b0 + c1(y) + ϕ−(y)ϕ+(y)
)
. (66)
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It would be useful to obtain this expression from the ‘on-shell’ scaling transformation with the
compensating term. The ‘on-shell’ scaling transformation leads to an unwanted transformation
of the parameter κ as
δˆσκ = σ(∆+ −∆−)κ . (67)
However, the parameter κ should remain constant when we integrate along a one parameter
path in the solution space. In other words, we should take the compensating transformation in
the metric functions and the scalar field, up to the diffeomorphism transformation, in the form,
δˆκκ = −σ(∆+ −∆−)κ , δˆκ(ϕ+ϕ−) = 0 (68)
By using the infinitesimal expression for the quasi-local ADT mass in Eq. (46) or Eq. (56), one
can see that
δˆκM∞ =
1
16piG
∫
dy
[1
2
(∆+ −∆−)(ϕ+δˆκϕ− − ϕ−δˆκϕ+)
]
=
σ
16piG
∫
dy
[1
2
(∆+ −∆−)2ϕ−(y)ϕ+(y)
]
. (69)
In the end, when both of ϕ± are turned on, the mass of scalar hairy black holes is given by
δˆσM∞ + δˆκM∞ = 2σM∞ =
1
8piG
∫
dy σ
[
b0 + c1(y) + ϕ−(y)ϕ+(y)
]
, (70)
which is identical from the direct parameter variation, indeed. We would like to emphasize that
this derivation by the ‘on-shell’ scaling transformation is intended to show that it gives us the
finite mass expression directly and is consistent with a certain boundary condition of scalar hair.
In the end, the finite mass expression in this boundary condition leads to the relation
C(r→∞) = 2(M∞ − µϕQϕ) , (71)
where the scalar charge Qϕ and its chemical potential µφ are defined by
Qϕ ≡ 1
8piG
∫
dy
[
ϕ−(y)ϕ+(y)
]
=
κ
8piG
∫
dyϕ2−(y) , µϕ ≡ 1 +m2 . (72)
In this case, the Smarr relation and the first law are given by
M∞ =
1
2
THSBH +ΩHJ∞ + µϕQϕ − 1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
on−shell
, (73)
dM∞ = THdSBH +ΩHdJ∞ .
Just like the boundary condition considered in previous sections, one may propose the criterion
for the thermodynamic stability of scalar hairy black holes as follows. At the same temperature
and the angular velocity with the same total mass and angular momentum as in Eq. (61), one
can see that
ShairyBH − SBTZBH =
2
TH
(
1
16piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
on−shell
− µϕQϕ
)
. (74)
14
The thermodynamic stability of scalar hairy black holes relative to BTZ black holes is determined
by the sign of the right hand side of the above equation. It has been argued [31] that κ should be
negative for the existence of stable scalar hairy black holes, in which −µϕQϕ > 0. Since the first
term of the right hand side seems negative, the stability of the hairy black holes is determined
by the competition of those two terms. The case studied in [29] seems to correspond to such
a case that the second term −µϕQϕ is dominant. It would be very interesting to confirm our
claims through the numerical approach.
8 Conclusion
We would like to summarize what we have found and indicate some future directions. We
have shown explicitly the novel Smarr relation for scalar hairy AdS3 black holes under the
AdS-invariant boundary conditions is given by
M∞ =
1
2
THSBH +ΩHJ∞ − 1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
on−shell
,
which can be understood as a simple consequence of the existence of the scaling symmetry on
the reduced action. On the other hand, when the boundary conditions preserve partially AdS
structures, we have shown that the dimensionful parameter κ appears and the Smarr relation
contains the scalar charge Qϕ as
M∞ =
1
2
THSBH +ΩHJ∞ + µϕQϕ − 1
32piG
∫
drdy
[δIred
δΨ˙
Ψ˙
]
on−shell
.
This Smarr relation is derived without an explicit analytic solution and holds generically for
all kinds of black holes satisfying our ansatz. In contrast to the Smarr relation, the first law of
black hole thermodynamics holds for both boundary conditions, in the form of
dM∞ = THdSBH +ΩHdJ∞ ,
which is a consequence of the Stokes’ theorem.
Since there are integrability issues when black hole solutions possess two independent pa-
rameters ϕ± originated from the two independent scalar modes, we have explicitly verified our
total mass expression M∞ by using ‘on-shell’ scaling method and by taking a specific boundary
condition, which preserves asymptotic AdS structure, in the parameter variation method. We
have also derived the finite mass expression when the dimesnsionful parameter appears in the
boundary conditions of the scalar field.
We have also shown that the thermodynamic stability of scalar hairy black holes, compared
with the one without the deformation due to scalar hairs, can be determined by the sign of the
integral value of δIred
δΨ˙
Ψ˙ for the AdS-invariant boundary conditions. In contrast, it is determined
15
by the competition between the integral value and the scalar charge contribution −µϕQϕ for the
other boundary conditions. This gives us a very simple criterion for the existence of stable scalar
hairy black holes from the thermodynamic viewpoint. It would be very interesting to check our
claims by using numerical methods and to extend our results in the higher dimensional case.
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Appendix
A. Equations of motion
We display relevant original scalar and metric equations of motion in this appendix. The Euler-
Lagrange expressions for the scalar and metric fields are defined by
Eϕ ≡ ✷ϕ− ∂V (ϕ)
∂ϕ
, (A.1)
Eµν ≡ Gµν + Λgµν − Tϕµν , Tϕµν ≡
1
2
∂µϕ∂νϕ− 1
4
gµν
(
∂αϕ∂
αϕ+ 2V (ϕ)
)
, (A.2)
where Gµν is the Einstein tensor. The Euler-Lagrange expression of the scalar field in our ansatz
becomes
Eϕ = A′fϕ′ + f ′ϕ′ + fϕ
′
r
+ fϕ′′ − ∂V (ϕ)
∂ϕ
+
A˙ϕ˙+ ϕ¨
r2
+
(Ω− ΩH)2
e2Af
[
A˙ϕ˙+
f˙ ϕ˙
f
− ϕ¨
]
− 2ϕ˙Ω˙(Ω− ΩH)
e2Af
. (A.3)
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Three independent metric Euler-Lagrange expressions among Eµν in our ansatz are
E t t − Er r = 1
2
fϕ′2 − fA
′
r
− r
2Ω
2e2A
[
A′Ω′ − Ω′′ − 3Ω
′
r
]
− A˙
2 + A¨
r2
+
1
r2f
[
− A˙f˙ − f¨ + f˙
2
f
]
− Ω(Ω− ΩH)
2e2Af2
[
A˙f˙ +
f˙2
f
− f¨ + ΩH
Ω
fϕ˙2
]
− (Ω− ΩH)
e2Af
[
A˙Ω˙− Ω¨
]
+
Ω˙2
e2Af
, (A.4)
E t θ +Ω Eθ θ = Ω
[
− 1 + V
2
+
f ′
2r
+
fϕ′2
4
]
− f
2
[
A′Ω′ − Ω′′ − 3Ω
′
r
]
− 1
4r2f
[
2A˙f˙(Ω − ΩH) + f˙
2
f
(Ω− 4ΩH) + 2ΩH f¨ + fϕ˙2(Ω − 2ΩH)
]
+
Ω
4e2A
[
r2Ω′2 +
2f˙ Ω˙
f2
(Ω− ΩH) + ϕ˙
2
f
(Ω− ΩH)2
]
, (A.5)
Eθ t = r
2
2e2A
[
A′Ω′ − Ω′′ − 3Ω
′
r
]
+
(Ω− ΩH)
2e2Af2
[
A˙f˙ +
f˙2
f
− f¨ + fϕ˙2
]
. (A.6)
One can check that all these equations of motion, Eϕ = 0 and Eµ ν = 0, are completely consistent
with Eqs. (20) ∼ (23).
B. Some useful formulae
In this appendix, we derive the additional contribution of the scalar field to the quasi-local ADT
charges for an asymptotic Killing vector. To preserve the off-shell conservation property of the
current for the asymptotic Killing vector ζ, one need to add an additional term J µ∆ to the current
J µADT for the exact Killing vector, as
J
µ
ADT = J µADT + J µ∆ , (B.1)
where the ADT current is defined by (see [22, 18] for some details.)
√−gJ µADT = δ(
√−gEµνζν) + 1
2
√−gζµEΨδΨ .
Since the metric part of the additional current J µ∆ was already considered in [22], let us focus
on the scalar part of J µ∆, which is denoted as J µ∆, ϕ. Repeating the computation in [22] with a
scalar field, it is a straightforward exercise to obtain the following expression
2∂µ(
√−gJ µ∆,ϕ) = δ(
√−gEϕ)£ζϕ−£ζ(
√−gEϕ)δϕ +£ζ(
√−gTϕµν)δgµν − δ(
√−gTϕµν)£ζgµν .
(B.2)
By applying the integration by parts iteratively on the following quantity
δ(
√−gEϕ)£ζϕ− δ(
√−gTϕµν)£ζgµν , (B.3)
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one can see that
2J µ∆,ϕ =
1
2
(gµαgνβ + gναgµβ − gαβgµν)∇νϕ(£ζgαβδϕ− δgαβ£ζϕ) +£ζϕ∇µδϕ − δϕ∇µ£ζϕ .
(B.4)
Just as in the ADT current, the ADT potential for the asymptotic Killing vector has an
additional anti-symmetric tensor term Aµν = Aµνg +A
µν
ϕ as
2
√−gQµνADT (ζ,Ψ) = δKµν − 2ζ [µΘν] +
√−gAµν . (B.5)
Though there is an additional term to the ADT current, the additional term to the ADT
potential, QµνADT from the scalar field can be shown to vanish in our case. This result may be
derived by following the same procedure for the metric part given in [22]. From the surface term
of the action, given in Eq. (1), for the scalar field ϕ variation
δΘµ(£ζϕ) = −δ
(√−g£ζϕ∂µϕ
)
= £ζΘ
µ(δϕ)+
√−g∇ν(Aµνϕ −2Sµνϕ )+δϕ(...)+δgαβ (...) , (B.6)
one obtains
Aµνϕ = 0 . (B.7)
This shows that the absence of the scalar contribution to the computation for the asymptotic
Killing vector in our case.
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